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Abstract: The pyramid is a polyhedron that has a square or triangular base and four 

triangular faces that meet at a common apex. Understanding the surface area and 

volume of a pyramid is essential in fields like geometry, architecture, and engineering. 

This article explores the formulae used to calculate the surface area and volume of 

pyramids, their derivations, and their applications. We also discuss different types of 

pyramids and their geometrical properties. 
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Introduction: A pyramid is a fascinating geometric structure that has intrigued 

mathematicians, engineers, and architects for centuries. It is a three-dimensional 

polyhedron characterized by a polygonal base, typically square or triangular, and 

triangular faces that converge at a single point known as the apex. The study of 

pyramids is not only a cornerstone of geometric principles but also a bridge between 

theoretical mathematics and practical applications in the real world. In both ancient and 

modern times, the pyramid has served as an essential building block for understanding 

more complex shapes and forms. The most well-known pyramids are the monumental 

structures of ancient Egypt, most notably the Great Pyramid of Giza, which served as 

a tomb for Pharaoh Khufu. These architectural marvels have both cultural and 

mathematical significance, influencing not just the art of construction but also the study 

of geometry. Ancient civilizations recognized the importance of pyramidal shapes in 

creating stable structures and began to explore their properties. Through these early 

observations, they developed methods to estimate the volume and surface area of these 

structures—tools which have evolved into the formulae we use today. 

In mathematical terms, a pyramid is a solid formed by joining a polygonal base to a 

point known as the apex. The sides of the pyramid are the triangular faces that meet at 

this apex, and the edges where these triangles intersect are known as lateral edges. The 

specific properties of a pyramid—such as its surface area and volume—are crucial for 
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various mathematical applications. These include calculating the material needed for 

construction, understanding the stability of a structure, and solving problems in 

geometry that require spatial reasoning. The study of pyramids also intersects with 

other areas of mathematics, such as calculus and trigonometry. As one delves deeper 

into the geometry of pyramids, they uncover various relationships that help to explain 

how the surface area and volume are connected to the size of the base and the height 

of the pyramid. These fundamental properties provide insight into how shapes and 

solids interact in three-dimensional space. Furthermore, pyramids are not limited to 

architectural structures but are also used in modeling natural formations like 

mountains, rock formations, and even in abstract mathematical problems. In geometry, 

the concept of surface area refers to the total area that the exterior of a three-

dimensional object occupies. For pyramids, this includes both the base area and the 

areas of the triangular faces. On the other hand, volume represents the total amount of 

space occupied within the pyramid. These calculations are particularly relevant in 

various fields, from physics and engineering to computer graphics and design, where 

precise measurements are needed. 

Literature review 

The earliest recorded studies of pyramids can be traced to ancient Egypt. The 

Egyptians’ understanding of the pyramid shape was largely practical, used primarily in 

the construction of monumental structures like the pyramids of Giza. These structures 

were designed with remarkable precision, and although there were no formalized 

geometric formulas at the time, the Egyptians understood the importance of dimensions 

such as height, base area, and angles in determining the overall size and stability of the 

pyramids. Scholars like Robins (1994) and Lehner (1997) have documented how the 

Egyptians were able to approximate the volume and surface area of pyramids without 

the use of modern mathematical tools. They likely used a combination of observation, 

trial and error, and geometric intuition to design structures that would stand the test of 

time. Robins emphasized the use of "unit fractions" in Egyptian mathematics, which 

indirectly relates to the division of areas and volumes. 

As mathematics evolved in the ancient Greek world, the study of pyramids advanced 

significantly. The Greek mathematician Euclid, often called the "father of geometry," 

presented foundational principles that helped shape the study of solid geometry. In his 

work Elements, Euclid provided early insights into the properties of pyramids. He 

established the concept of the pyramid as a polyhedron and examined the relationship 

between its base area, height, and volume. Although Euclid did not present the volume 

formula in the way we use it today, his early work laid the groundwork for later 
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mathematicians. Euclid’s axiomatic approach to geometry would greatly influence the 

study of pyramids in the centuries that followed [1]. 

During the Renaissance, mathematicians like Archimedes began to formalize the study 

of pyramids further. Archimedes, in his treatises On the Sphere and Cylinder, derived 

the formula for the volume of a pyramid, which is still in use today. Archimedes' 

formula for the volume of a pyramid states that the volume is one-third the base area 

multiplied by the height (V = 1/3 * B * h). Archimedes recognized the geometric 

similarity between pyramids and cones, which allowed him to derive this important 

result by considering the relationship between a pyramid and a cone with a similar base 

and height. Archimedes’ contribution is considered a major breakthrough in the 

formalization of the geometry of pyramids [2]. In the modern era, the study of pyramids 

has expanded through the contributions of mathematicians and educators such as G. 

Polya (1957), whose work in problem-solving strategies helped to simplify the methods 

used to calculate the surface area and volume of pyramids. Polya emphasized that 

understanding the properties of pyramids could be achieved through practical examples 

and problem-solving methods. His work influenced the way that geometry is taught 

and understood in schools today, particularly in relation to three-dimensional figures 

like pyramids. 

Another important contribution came from mathematician and educator A. N. 

Kolmogorov, who in the mid-20th century extended the study of pyramids through the 

lens of modern geometry. Kolmogorov’s work focused on the formalization of 

geometric relationships and provided a rigorous approach to understanding shapes in 

higher dimensions. His research helped clarify the connections between pyramidal 

shapes and polyhedra, especially in the context of convexity and surface area 

calculations [3]. In more recent years, scholars such as Stewart (2007) have continued 

to explore the mathematical implications of surface area and volume in relation to 

pyramids, particularly focusing on applications in engineering and architecture. 

Stewart’s work in Mathematics: The Man-Made Universe offers a deep dive into the 

practical applications of geometric shapes in construction, providing real-world 

examples of how surface area and volume calculations are used to design stable and 

efficient structures. Modern architects and engineers frequently use pyramidal shapes 

in their designs, from the Louvre Pyramid in Paris to various bridges and buildings that 

employ pyramidal elements for structural integrity and aesthetic appeal. 

Analysis and Results 

The surface area and volume of a pyramid are essential properties that provide insight 

into the spatial dimensions of the object. The calculations for these properties depend 

on the specific geometric characteristics of the pyramid, such as the shape of its base 
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and its height. In this section, we explore the formulas and methods used to determine 

the surface area and volume of pyramids, emphasizing how variations in base shapes 

or pyramid types impact the calculations. 

For a pyramid with a square base, the surface area consists of the area of the base and 

the areas of the triangular faces that surround the base. The formula for the surface area 

of a pyramid with a square base is given by: 

 

Where: 

• BBB represents the area of the square base. 

• PPP is the perimeter of the base. 

• lll is the slant height, which is the distance from the midpoint of any side of the 

base to the apex. 

For a square base with side length a, the area of the base is B=a2, and the perimeter of 

the base is P=4a. The slant height l can be calculated using the Pythagorean theorem, 

given that the height of the pyramid and half the side length of the base form a right 

triangle with the slant height. The formula for the slant height is: 

 

Where h is the perpendicular height from the apex to the center of the base. By 

substituting these values into the surface area formula, the total surface area can be 

computed. 

For example, consider a square pyramid where the side length of the base is 4 meters 

and the height is 6 meters. First, the area of the base is: 

B=42=16 square meters 

Next, the perimeter is: 

P=4×4=16 meters 
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The slant height is calculated as: 

 
Finally, the surface area is: 

 
For the volume of a pyramid with a square base, the formula is: 

 
Where B is the area of the base, and hhh is the height of the pyramid. Using the earlier 

values of B=16 square meters and h=6 meters, the volume is: 

 
 

This example demonstrates the straightforward application of the surface area and 

volume formulas for a square pyramid, where the dimensions are provided. However, 

pyramids can also have different base shapes, such as triangular or hexagonal, which 

would result in variations in the formulae used to calculate the surface area and volume. 

For a pyramid with a triangular base, the surface area formula must account for the 

area of the triangular base and the areas of the triangular faces. The area of the 

triangular base depends on the type of triangle, and the slant heights of the triangular 

faces are typically different from each other. The perimeter of the base and the specific 

lengths of the slant heights are needed to compute the total surface area. 

Similarly, the volume of a pyramid with a triangular base is still given by: 
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Where B is the area of the triangular base, and hhh is the height of the pyramid. The 

area of a triangular base is computed using the standard formula for the area of a 

triangle, which can vary depending on whether the triangle is equilateral, isosceles, or 

scalene. 

For pyramids with irregular or more complex polygonal bases, the surface area and 

volume calculations can become more intricate, often requiring advanced methods of 

geometric analysis. In such cases, the base area and the perimeter of the base must be 

calculated for the specific polygon involved, and the slant heights for each triangular 

face must be determined separately. Additionally, computational methods and 

algorithms are often employed to handle these more complex geometries, particularly 

in the context of 3D modeling and architectural design. 

The application of these formulas is not limited to purely theoretical calculations. In 

real-world scenarios, such as architectural and engineering design, these formulas are 

used extensively to estimate materials, determine structural integrity, and optimize the 

shape of buildings and other structures. For instance, pyramids are used in various 

architectural designs, including the famous Louvre Pyramid in Paris and many modern 

bridges that incorporate pyramidal elements for aesthetic and functional reasons. 

Understanding the surface area and volume is crucial when estimating the amount of 

building material required for construction or when evaluating the strength and stability 

of a structure. 

In computational geometry, recent advancements have also allowed for more efficient 

modeling of pyramids with irregular or more complex bases. These techniques involve 

the use of software tools to simulate and calculate the surface area and volume of 

pyramidal shapes in three-dimensional space. These developments have expanded the 

practical applications of pyramid geometry in fields such as computer-aided design 

(CAD), architectural engineering, and even virtual reality modeling. 

Overall, the analysis of surface area and volume calculations for pyramids provides a 

deep insight into the practical and theoretical importance of these geometric properties. 

Whether for simple shapes with square or triangular bases or for more complex 

pyramidal structures, understanding these calculations is essential for anyone working 

in mathematics, architecture, engineering, or design. 
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Conclusion 

In conclusion, the study of pyramids and their geometric properties, particularly 

surface area and volume, holds great significance in both theoretical mathematics and 

practical applications. By examining how the surface area and volume of pyramids are 

determined, we understand that these properties depend on the base shape and height 

of the pyramid. Whether the base is square, triangular, or another polygon, the 

fundamental principles for calculating these properties remain essential for various 

fields such as architecture, engineering, and design. These calculations not only apply 

to simple pyramidal structures but can also be extended to more complex pyramids 

with irregular bases. Modern tools, such as computational geometry and computer-

aided design (CAD) software, have further advanced our ability to model and calculate 

the properties of pyramids, making these calculations more relevant in contemporary 

design and construction. The real-world importance of understanding the surface area 

and volume of pyramids is evident in several industries. These calculations are 

essential for estimating building materials, optimizing design, and ensuring the 

stability and safety of structures. From the ancient pyramids of Egypt to modern 

architectural wonders, pyramidal shapes continue to play a key role in both aesthetics 

and functionality. As such, a solid understanding of the geometric principles governing 

pyramids is crucial for professionals in mathematics, architecture, and engineering. 
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