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Introduction: One of the important classes of Banach function spaces are the spaces   

( ), , , 1pL p     of all functions defined on a measurable space ( ), , 

whose  p − th powers are integrable with respect to a finite or  − finite measure    

(functions coinciding almost everywhere are identified). The study of isometries of 

pL − spaces was started by Banach in [1], where he described all isometries of the 

spaces [0,1], 2.pL p   

In [2], J.Lamperti gave a characterization of all linear isometries for pL − spaces 

( ), ,pL   , where ( ), ,   is an arbitrary space with a finite measure  .  The 

final result in this formulation belongs to Yedan [3], who gave a complete 

description of all isometries between pL − spaces associated with various measures. 

One of the corollaries of such descriptions of isometries in the spaces ( ), ,pL   is 



INTERNATIONAL CONFERENCE ON 

ADVANCE SCIENCE AND TECHNOLOGY  

Volume 01, Issue 03, 2024 
 
 

46   INTERNATIONAL CONFERENCE ON ADVANCE SCIENCE AND TECHNOLOGY                                      universalconference.us                                                                                              
 

 

the establishment of isometry for pL − spaces ( ), ,pL  
 
and ( ), ,pL    in the 

case when the measures   and   are strictly positive finite measures. 

In [4], F −spaces of logarithm-integrable functions logL were introduced, which are 

analogs of pL − spaces. 

Interest in these spaces is due to the fact that they are close to the class of Nevanlinn 

functions holomorphic in the circle and integrable with the logarithm on the 

boundary of the circle [5] , i.e. satisfying the condition 

1

1
( ) : sup log(1 ( ) ) .

2

i

rL f f re d 


= +    

In this paper, we introduce generalizations of these log− spaces. They are called 

generalized log− spaces. For these spaces, a necessary and sufficient condition for 

their isometry is established for the case of  − finite measures. 

Let us give some information from [6]. 

Boolean algebra is a distributive structure with zero and unit, that are unequal to 

each other. 

Boolean algebra is said to be complete if every set of its elements has upper and 

lower bounds. 

A measure   on a Boolean algebra   is called strictly positive  if ( ) 0x = implies 

that 0.x =  

Definition 1.  Let [4] 

log 0( , ) ( , ) : log(1 ) .L f L f d  


 
 =   +  + 

 
  

log ( , )L    be an  F −space with respect to the F −norm 
log

log(1 ) .f f d


= +  In 

[4], it is also shown that log ( , )L   is an algebra. We call this algebra the external  

log− algebra. 

Let  ,   be strictly positive   − finite measures on a Boolean algebra   , 

0
d

h
d




= 

 

is the Radon - Nikodym derivative of  with respect to  , i.e. 

,fd hfd 
 

= 
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and since    and   are strictly positive, the support of h is equal to one. It is clear 

that then the external log− algebras satisfy the equalities 

log 0

0 log

( ) ( ) : log(1 )

( ) : log(1 ) ( ),

L f L f d

f L h f d L















 
 =   +  + = 

 

 
=    +  + =  
 





 

log, og,
log(1 ) (log(1 )) : (1)

l
f f d h f d f



 
 

 

= + = + =   

Consider now the following analogue of the space of log− integrable measurable 

functions. 

Definition 2. 

( )

og 0( ) ( ) : log(1 )lL f L h f d

 


 
 =   +  + 

 
  

The following assertion implies that this space is an F -space with respect to the F -

norm 
( )

og,
(log(1 ))

l
f h f d








= +  

We call ( )

log ( )L

 internal log− algebras. 

RESULTS AND DISCUSSIONS 

Theorem 1. For any strictly positive   -finite measures   and  , the spaces  

log
( )L    and ( )

log
( )L

  are isometric 

Proof.  Indeed, for the measures   and    the mapping ( )
log log

: ( ) ( )U L L
  →  , 

defined by the equality 1( )U f h f−= ,  log
( )f L     is a linear surjective isometry 

from log
( )L    and ( )

log
( )L

 . 

Theorem is proved. 

Remark. As it can seen from Lemma 1,  F-spaces log
( )L    and ( )

log log
( ) ( )L L

  =    

are generally not isometric 

Let   , 1  and  2 ( )M   , ( ) 1  = , 1  and 2  are   -finite. Then (1) implies that 

the equalities 

1 1fd h fd 
 

=  ,                                                                             (2) 
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2 2fd h fd 
 

=  ,                                                                             (3) 

hold. 

Theorem 2. The function 1 2( )

1 2log,
log(1 )f h h f d

 






= +  is the F-norm on the F-space 

1 2( )

log
( )L

 
 . 

Proof. 

By virtue of (1), we have 

1

1 2 2( ) ( )

1 2 2 1log, log,
log(1 ) log(1 )f h h f d h f d f

  

 
 

 

= + = + =   

By virtue of Proposition 1,  4 , 2.1Lemma    the function 2( )

log,
f




 is the F-norm on 

2
log

( )L


 , hence, 1 2( )

log
f
 

 is also F-norm on 1 2

1

( )

log,
( )L

 
   

Let 1 2 3 4, , , ,       be strictly positive finite   -finite measures on , ( ) 1   = . 
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