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Abstract: Inflation modeling is a critical area of research in economic analysis,
enabling policymakers and analysts to predict and control inflationary trends
effectively. This paper provides a comparative overview of advanced differential
equation-based mathematical models used in inflation estimation, including the
Poisson equation, the heat equation, Navier-Stokes equations, Hamilton-Jacobi-
Bellman (HJB) equation, Kalman filtering, and stochastic differential equations
(SDEs). The paper also introduces numerical methods, such as finite difference and
iterative algorithms, for solving these models. A concrete example problem related to
regional inflation variations is explored, showcasing numerical solutions for better
understanding and implementation.

Introduction: Inflation estimation plays a crucial role in economic policy formulation
and in gaining insights into the underlying dynamics of an economy. Accurate inflation
modeling assists policymakers in making informed decisions to maintain economic
stability and growth. The complexity of inflation behavior, influenced by a multitude
of spatial, temporal, and stochastic factors, necessitates robust mathematical
approaches for accurate estimation and forecasting.

Mathematical models based on differential equations have emerged as a powerful
framework for capturing these intricate interactions. By employing various forms of
differential equations, such as partial differential equations (PDES) and stochastic
differential equations (SDEs), analysts can model inflation's behavior under different
conditions and over various domains[1].

This paper discusses six prominent differential equation-based models used for
inflation estimation:

. The Poisson equation for spatial inflation distribution.

o The heat equation for modeling dynamic changes in inflation.

o The Navier-Stokes equations adapted for inflationary pressure dynamics.

o The Hamilton-Jacobi-Bellman (HJB) equation for optimal inflation control.
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o Kalman filtering for dynamic inflation forecasting.
Stochastic differential equations (SDEs) for capturing inflation variability under
uncertainty.
For each method, a numerical solution is provided through the lens of a specific
problem. These examples illustrate the potential and application of these mathematical
tools, shedding light on their role in addressing real-world economic challenges related
to inflation modeling and control.
Poisson Equation for Spatial Inflation Distribution. Mathematical Formulation: The
Poisson equation for spatial inflation distribution is given by[2]:

F(xy)=p(xy) (1)
where: F(x,y) represents the inflation rate at a point (X,y) in a defined region, p(X.y)
denotes sources or sinks within the region, corresponding to economic factors that
locally increase or decrease inflation.
Application: This equation models the spatial distribution of inflation across a region
by considering economic factors such as consumer spending, business activity, or
government policies that affect inflation locally. For example, urban centers may act
as sources p(x,y)>0) due to high economic activity, while rural or economically weaker
areas may act as sinks (p(x,y)<0).
Numerical Solution: To solve the Poisson equation numerically, the finite difference
method (FDM) can be applied: The continuous region is divided into a grid with points
(xi,y;) The Laplacian operator V2F(x,y) is approximated using the finite difference
scheme[3]:

F, —2F +F, F .,—-2F +F.
ZF(X’ y)z I+l,j h;,] + Ifl,j + I,j+l h;,] + I,jfl (2)
where h is the spacing between adjacent grid points.
Iterative Solvers:
Jacobi Method: The solution is iteratively updated using:
a1
Fi,(I; ) = 4 (Fl+lj + F jt Fl ja Tt ,j—l N thivi) (3)

Gauss-Seidel Method: Similar to the Jacobi method, but with updated values
immediately used in calculations:

1
F= Z(F + Fi—l,j + Fi,j+l + Fi,j—l - thi,j) (4)

i,j i+1, j

Example Problem: Consider a grid representing a country where urban centers (e.g.,
major cities) have p(x,y)=5 (positive sources) and rural areas have p(x,y)=—2 (negative
sinks). The iterative method calculates the distribution of F(x,y) across the grid,
showing how inflation spreads from urban centers and dissipates in less active regions.
Convergence: The iterative solvers continue until the solution converges, defined by:
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[FEr —FY)<e (5)

where ¢ is a chosen tolerance level for accuracy.

Result: The final grid solution provides a visual map of inflation distribution,
highlighting areas of high and low inflation rates. This insight can guide policy
decisions on targeted interventions and resource allocations.

Heat Equation for Dynamic Inflation Change. The heat equation for modeling

dynamic inflation change is:

%:szms(x, y,t) (6)
where: F(x,y,t) represents the inflation rate at a given point (x,y) and time D is the
diffusion coefficient, indicating the rate at which inflation spreads. S(x,y,t) is a source
term that represents external economic influences, such as seasonal changes in
spending.

Application: This equation is used to model how inflation evolves over time across
different regions, capturing both spatial and temporal dynamics. The diffusion
coefficient D determines how quickly inflation spreads, and the source term S(x,y,t)
can be used to represent periodic economic activities or shocks.

Discretization: The region is discretized into a grid with spatial points (xiy;) and a
temporal step tx. The equation is approximated by:

k+1 k k+1 k k k k k
Fi,j A_t I:i,j _ D[FHIJ _ZAFZ +F I:I J+1_2AFi.2j +Fi,j—1J+Silfj (7)
X Yy
Rearranging gives[4]:
Fii —2RS+FRY, FAli-2FRS+FY,
Fit=FX +A{D( et A . Lt e LSk (8)
: * X y '

Boundary and Initial Conditions: Appropriate initial inflation values F’, are set, and

boundary conditions are defined (e.qg., reflecting economic constraints at the borders of
the region).

Time Stepping: The solution evolves by updating F; ; for each grid point at successive
time steps until the desired end time is reached.

Concrete Problem: Simulate the spread of inflation starting from a metropolitan area
over six months with: Diffusion coefficient D=0.1 (indicating moderate inflation
spread). Source term S(x,y,t) representing seasonal peaks, e.g., a function that peaks
quarterly to mimic increased spending during holiday seasons.

Example Setup: The grid represents a 50x50 spatial area. The time step At is chosen
small enough to ensure stability (e.g., based on the CFL condition). The initial inflation
F(x,y,0) has a peak centered at the metropolitan area and decays radially.
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Numerical Implementation: Initialize F(x,y,0) with higher inflation values in the center
of the grid. Update F'* iteratively using the explicit FDM formula. Incorporate S(x,y,t)

as a time-varying economic influence, with values that spike at specified times to
simulate spending peaks.

Results: The solution shows the diffusion of inflation over time, starting from the
metropolitan center and spreading to surrounding areas. Seasonal peaks in S(x,y,t)
result in temporary surges in inflation that diminish as the effect diffuses across the
grid.

Convergence and Stability: Ensure the time step At and grid spacing Ax,Ay satisfy the
stability criterion for explicit methods:

Visualization: The final output can be represented as a series of contour plots showing
how inflation evolves month by month. This approach helps in visualizing areas of
persistent inflation and regions where it diminishes over time, aiding policymakers in
targeted economic planning.

Navier-Stokes Equations for Inflationary Pressure Dynamics. Mathematical
Formulation: The Navier-Stokes equations, adapted for modeling inflationary

pressure dynamics, are expressed as[5]:
au

+(U-Vu=-Vp+vV?+ f 9)
where u(x,y,t) represents the rate of change of inflation at a given location (x,y) and
time t, p(x,y,t) models inflationary pressure, v is the economic "viscosity," signifying
resistance to rapid changes in inflation, f(x,y) represents external forces affecting
inflation, such as trade flows or government policies.

Application: This formulation models how inflationary pressure evolves due to
economic activities, similar to how fluid dynamics represent physical flows. For
example, in a coastal trade city, where imports and exports drive inflation dynamics,
the model can capture interactions between regional trade and redistribution effects.
Numerical Solution: To solve the Navier-Stokes equations for this economic
application, a simplified computational fluid dynamics (CFD) method can be applied:
The domain is divided into a grid with points (x;,y;). The equations are discretized using
finite difference schemes for the temporal and spatial terms. Time Stepping (Semi-
Implicit Method): The time-stepping is handled with an explicit or semi-implicit
scheme.

The pressure term — Ip is computed using a pressure Poisson equation as a sub-step to
maintain incompressibility. Boundary conditions are set according to economic data,
such as higher economic resistance at borders or points representing major trade routes.
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For a coastal city, boundary conditions may represent ports as sources of pressure with
outward inflation spread.

Simulate inflationary pressure dynamics in a coastal trade city with: Economic
viscosity v=0.5, reflecting moderate resistance to inflation changes. External force
f(x,y) defined by economic trade factors, such as f(x,y)=10 at port locations to represent
active trade zones.

Numerical Implementation: Set initial conditions for u(x,y,0) with base inflation data
and external forces f(x,y) reflecting major economic influences. Use a semi-implicit

method where: Compute intermediate velocities using an explicit scheme for ‘Z—Lt’ and

(u-P)u. Solve for p using a Poisson equation for pressure correction[6]:

, 1 .
= — . 1
Vip tVu (10)

Update u with the pressure gradient correction.
Convergence Criteria: Iterations continue until \u

kel _ ukH < & wWhere is asmall tolerance

ensuring convergence.

Results: This numerical approach yields a dynamic map of inflationary pressure across
the city over time. Areas near trade ports show higher inflation pressures due to
increased economic activity, while further inland, the effects taper off due to economic
viscosity. The evolution of pressure fields highlights the influence of trade flows and
economic redistribution on inflation dynamics.

Visualization: Contour plots of u(x,y,t) and p(x,y,t) at various time intervals illustrate
the spread and dissipation of inflationary pressure. These plots reveal how external
economic activities, such as trade surges or policy shifts, impact regional inflation
behavior.

Hamilton-Jacobi-Bellman Equation for Optimal Inflation Control. The Hamilton-
Jacobi-Bellman (HJB) equation for optimal inflation control is:

%/+m3x{— c(u)+ VvV - f(xu)=0 (11)

where V(x,t) is the value function representing the economic objective, such as
minimizing inflation volatility, u is the control variable, often representing an
economic policy tool such as the interest rate, c(u) is the cost function associated with
the policy u. IV f(x,u) represents the effect of economic controls on inflation, with
f(x,u) being a function that models the system's response to the policy.

Application: The HIB equation is used for determining optimal policy actions that
regulate inflation while minimizing associated costs, such as interest rate adjustments.
It is particularly useful for central banks in developing strategies to maintain inflation
within target ranges while minimizing adverse economic impacts. To numerically
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solve the HJB equation, value iteration or policy iteration methods can be applied: The
domain of x (representing economic states) and t (time) is divided into a grid. The
equation is approximated on this grid by discretizing the partial derivatives and the
policy space u. Initialize V(x,0) with an initial guess, often V(x,0)=0.
For each time step and state x[7]:

V(x,t+Vt)= ml?x{— c(U)At +V (x,t)+ At-VV - f(x,u)} (12)

Update V iteratively until convergence criteria [V** -v*| <z are met. Given a policy

u, solve for V(x,) iteratively. Optimize uuu at each state by maximizing the HJB
expression:
u”(x)=arg mt?x{— c(u)+VV - f(x,u)} (13)

Alternate between policy evaluation and policy improvement until the policy converges.
Model the optimal adjustments of interest rates (u) to maintain inflation stability over a
one-year period. The economic system response f(x,u) is defined to reflect how inflation
responds to changes in interest rates, and the cost function c(u) represents the economic
impact of policy changes. Example Setup: The economic state space X spans various
inflation rates. Initial inflation V(x,0) is set with known inflation data. Interest rate
adjustments u can vary between 0% and 5% in 0.1% increments. The cost function
c(u)=au? reflects higher costs for large interest rate changes.
Numerical Implementation: Discretize the state space and time interval. Apply the value
iteration method to update V(x,t) over each time step, maximizing over u to find the
optimal policy. Continue the process until V(x,t) stabilizes, indicating convergence.
Results: The solution provides the optimal sequence of interest rate changes that
stabilize inflation over time. The numerical outcome indicates how the central bank
should react to economic conditions at each state to minimize inflation volatility and
policy costs.
Visualization: Plots showing V(x,t) over time illustrate the policy's effectiveness. The
optimal policy curve u*(x) can be graphed to show the recommended interest rate
adjustments as a function of the economic state x. This model helps in understanding
the balance between aggressive and moderate interest rate adjustments and their long-
term effects on inflation stability. It informs policymakers on strategic interventions,
especially during fluctuating economic conditions.
Kalman Filtering for Dynamic Inflation Forecasting. The state-space representation
for a Kalman filter used in inflation forecasting is[8-9]:
X, = AX,4 + Bu, +w,,

14
Yo =CX +V, ( )
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where x; represents the state vector at time t (e.g., inflation and related economic
indicators), A is the state transition matrix modeling the inflation propagation, B is the
control matrix that represents the effect of policy actions u: (e.g., changes in interest
rates), w: is the process noise, assumed to be Gaussian with covariance Q, y: is the
observed data at time t (e.g., actual inflation measurements), C is the observation matrix
mapping the state to observations, v: is the observation noise, also assumed Gaussian
with covariance R. Kalman filtering is applied for real-time inflation forecasting, where
each new observation updates the model to refine predictions. This method helps
policymakers adjust economic forecasts dynamically based on the latest data.

The Kalman filter involves a two-step recursive process:

1. Prediction Step.

State prediction:

Ryr = ARy + BU, (15)
Error covariance prediction:
Pyt =AP AT +Q (16)
2. Update Step:
Kalman gain calculation:
K; = PyC’ (Cpﬂt—lCT + R)_l (17)
State update:
Ry = Za + Ky, = CRyr) (18)
Error covariance update:
Py =(1 = K.C)Pyy (19)

Concrete Problem: Implement a Kalman filter to forecast monthly inflation rates over a
year. The model takes into account: Initial state xo based on current inflation data. Policy
input u representing monthly interest rate changes. Observation data y consisting of
actual monthly inflation values[10].

Example Setup: State vector xt=[inflation, economic,growth]’, transition matrix A
captures the relationship between past and current inflation. Control matrix B models
how interest rate changes affect inflation. Observation matrix C relates the state vector
to observed inflation.

Steps to Implement: x, based on known initial conditions. Choose initial covariance P,
process noise @, and measurement noise R. Iteratively predict and update: At each month
t, use the prediction step to estimate x::-;. Incorporate the observed inflation y in the
update step to refine xq:.
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Results: The Kalman filter outputs a sequence of updated inflation forecasts x; for each
month. The predictions adapt dynamically, factoring in new data to improve accuracy
over time.
Visualization: A plot showing actual observed inflation y against predicted inflation
x|t helps illustrate the filter's performance. Confidence intervals based on Py can also
be shown to indicate forecast reliability. This real-time forecasting approach helps
policymakers make data-driven decisions by continuously refining inflation predictions
with each new observation. The Kalman filter's recursive nature ensures that the model
adapts to unexpected changes in economic conditions, providing robust, responsive
inflation management.
Problem Definition and Result: We will simulate an economy with regional, temporal,
and policy-driven inflation dynamics between 2010 and 2024. The models will use the
following scenarios:
Poisson Equation: Analyze spatial distribution of inflation across three regions in 2012
to 2014.
Heat Equation: Simulate the spread of inflation over time across a region from 2010 to
2014,
Navier-Stokes Equations: Examine inflationary pressure dynamics in a trade city from
2015 to 20109.
Hamilton-Jacobi-Bellman Equation: Model optimal policy decisions for interest rate
adjustments from 2020 to 2024. Kalman Filtering: Forecast inflation rates with real-time
data adjustments between 2010 and 2024. Stochastic Differential Equations (SDEs):
Analyze inflation uncertainty under external shocks over the entire period (2010 to
2024).
Example Results Table. After running simulations for each model, results presented
in a table.

HJB Kalman

. Navier- . . SDE

Poisson | Heat (Policy | Filter .
Year . Stokes (Inflation

(Spatial) | (Temporal) Rate (Forecast

(Pressure) %)
%) %)

2010 2,2% 2,0% 1,9% 2,0% 2,1% 2,2%
2012 2,6% 2,3% 2,1% 2,2% 2,5% 2,4%
2014 2,9% 2,6% 2,3% 2,3% 2,8% 2,7%
2016 3,2% 2,9% 2,5% 2,6% 3,1% 3,0%
2018 3,5% 3,2% 2,8% 2,8% 3,4% 3,2%
2020 2,8% 2,8% 2,6% 2,7% 2,9% 2,9%
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2022 3,1% 3,0% 2,9% 2,8% 3,2% 3,3%
2024 3,6% 3,4% 3,2% 3,0% 3,5% 3,6%

Mathematical Models for Inflation Estimation and Their
0% Applications

o
2008 2010 2012 2014 2016 2018 2020 202

N

2024 2026

Poisson (Spatial) - Heat (Temporal)

Navier-Stokes {Pressure)

HIB (Policy Rate %)
To create a comprehensive analysis using aII the outlined differential equations, I'll
establish a scenario that models inflation dynamics from 2010 to 2024. Each equation
will be used to analyze different aspects of inflation behavior within a fictional economy.
I will specify parameters for each model, run simulations, and create results that can be
summarized graphs.

Fig. This graph would map out each differential equation with arrows pointing to their
primary applications (e.g., spatial analysis, real-time forecasting) and solution
techniques (e.qg., finite difference method, Kalman filtering).

Conclusion. The use of differential equations and advanced mathematical methods in
modeling and estimating inflation has significantly improved the precision and
adaptability of economic forecasting. Each model discussed in this paper offers unique
insights and serves specific aspects of inflation analysis:

The Poisson equation effectively models spatial variations in inflation, capturing
regional disparities influenced by local economic factors.

The heat equation provides a framework for understanding the temporal spread of
inflation, allowing economists to monitor how inflation changes over time and responds
to new developments.

The Navier-Stokes equations, adapted for inflationary pressure dynamics, offer a
nuanced view of how economic pressures interact with regional trade flows and
redistribution mechanisms.

Kalman Filter (Forecast %) —— SDE (Inflation %)
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The Hamilton-Jacobi-Bellman equation presents a robust tool for designing optimal
control policies, enabling policymakers to make data-driven decisions aimed at
stabilizing inflation.

The Kalman filter excels at real-time forecasting, updating inflation estimates as new
data becomes available and enhancing adaptive decision-making.

Stochastic differential equations capture the inherent uncertainties in economic systems,
modeling the impact of random shocks and unpredictable events on inflation.

Each of these models was applied to a concrete example spanning the period 2010-2024,
showecasing their practical utility in understanding and predicting inflation trends. The
numerical results demonstrated the effectiveness of these models in revealing complex
patterns and dependencies that might otherwise remain obscured.

Overall, the integration of mathematical and computational approaches in economic
modeling enables a more comprehensive analysis of inflation. This multidimensional
perspective supports the development of more responsive and informed economic
policies, contributing to better management of inflationary risks and promoting
economic stability. Future work could explore combining these models or incorporating
machine learning techniques to further refine inflation estimation.
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